Bai tdp Ly thuyt so

HUONG DAN GIAI BAI T AP CHUONG ||
§1. Pong du thirc
45.100a+ 10 & O(mod21k» 100a 10ba 1Ob-c 21c O(mor
< -ba+ 10b- 20 0(mod21)
< —5(a— 2b+ 4c)= 0(mod21)
< a- 2b+ 4= 0(mod21) (do (5,2%)
46.10! = 1.2.3.4.5.(-5).(-4).(-3).(-2).(-B -(2.3.4.5f = - 120 = -(-1*=-1= 10 (mod 11).
Vay r =10.
47.Theo m@un 13 ta co:
A42M113%2= 416"+ 9.3= 4.16- 43 4016 B2 4(36 3)(16+---+ "3=) O(mof
48.V6i moi ne Ntadit x, = 2% va & dang kém tra ing X = 2 Va %1 = X2.
Taco
X, =4(mod7)
X, =16= 2(mod 7
X, =4(mod 7).
Bang qui rap ta c6 th thiy x = 2(mod 7véi n chin va x,, = 4(mod 7)véi n lé.
T d6
42 2 1=+ 211
=X, +X,+1
=2+4+1
=0(mod7)
49.a) Ta c6: 51208 32=-9 (mod 41); (-9 = 81=-1 (mod 41).
Suy ra 51200= (-9)* = (-1 = 1 (mod 41). Do 2°= 4 vsi k nguyén naaié nén
51200 = (51200)* = 1 (mod 41).
b) Ta c6: 1035125 12= -5 (mod 17);
(-5f° = 25= 8 (mod 17); (-5)= 64= -4 (mod 17);
(-5 =16=-1 (mod 17); (-5 = (-1 = 1 (mod 17) va 5642 = 16.352 + 8 + 2
nén
(1035125}°42= (-5)*°*2=(-5)% (-5)* = (-1).8=-8= 9 (mod 17).
50.Ta c6 1001 = 7.143, di6 1¢ = -1 (mod 7) va vi &y 10°= 1 (mod 7).
Bing qui rap ta cd bi moi sd nguyén dong k: 1¢f = 4 (mod 7).
Tir d6
107 =10™*=(1¢)" .10= 1.16=  1).16 4(mod.
Suy ra

10
Y 10" =10.4= 5(mod 7.
k=1

51.a) Taco 18=9.111 + 1 da6 10°= 1 (mod 111).
Tur d6 v4i s6 tu nhién n ta co:
10" +10" - 2=(16)" +(16)'~ 2 T+ 1 2 O(modLl.
b) V6i Vne N’ ta co:
7PT-48n- 7= 7(49- 1y 48 48 7(49+-+ 49 9) |.
Vi 288 = 6.48 néwiéu phii ching minh trong duong wi:
7(49™ + ..+ 49 + 1) —n= 0 (mod 6)=> 7(49"! + ...+ 49 + 1)= n (mod 6).

Vi 7=1 (mod 6) nén ta co
7(49™ + ...+ 49+ 1)=1.(1 +---+ 1 + 1)=n (mod 6).
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52.Gia sir p = 1093 khoéng ladsnguyén 6.
Goi q lauéc nguyénd nho nhit cia p, vy thi 1< of < p. Vi 34 = 1156 > p nén § 34.
Mat khac, p lad nén q la & nguyén é lé.
Vay q c6 tié nhan cac gia i 3, 5, 7, 11, 19, 23, 29, 31.
Céc $ nay khong phi 1a udc cia p = 1093. Wy p = 1093 148 nguyén é.
Taco: 2°92= 25182 (2183% (mod ff).
Ta € chung minh 2%=-1 (mod f).
That vy, vi 182 = 2.13.7 nén'% = (22)?)";
213=8192 = 7p + 54&> 2%° = 49 + 1082.7p + 541
= 491 + (p — 11)7p + 267p + 850 = 49p 7% + 190p + 850
= 56(f + 191p — 243 = 56p+ 191p - 3

Suy ra
2°°=191p - 8 (mod p).
Luy thira 7 hai ¥ ciaddng dr thiee va cha y 1a b p® véi moi k > 2, ta co:
(%) =7.191( 8°~( 9  (modp F= 7.191% *3 (mod.

Vi3’ =2187 =1+ 2pned®=(3")" .F= F(modp.
Do dé
7.191.8° = 7.1913= 10(mod.
Suy ra
2%2=10p-(1+ 29" = 10p( & 5.2p=— 1(modp.
Vay 2% =(-1)°=1(mod g ..

§2. Vanh céc ép thing dw

53.D0 238 = 12.20 — 2 ném3g(mod 12)= -2 (mod 12).
MGi s6 nguyén thac I6p nay cé dng x = -2 + 12tteZ.
Boi vay thang dr cé gia ti tuyét doi nho nhat la -2.
Déi véi 16p thing dr 5°°(mod 12) ta cé6® =1(mod 12) néns**=(52)"" 5= 5(mod 12).
MJi sb nguyén thac [65p nay co dng x = 5 + 12tteZ.
Boi vay thang dr phai tim la 5.
54.Ta COA =13(mod15)={ 13 15t/&€Z}={ & 3(4 S5t)Z}c I1(mod:
Ddi vi modun 4 ta cé 13 + 15t = (1 —t) + 4(3 + 48—t (mod 4).
Khi t thaydéi cac bp 1-t nhan cac gia trkhac nhau trong., .
Bai vay A khong la &p con @ia mot I6p thing dr nao trongZz, .

D& thir lai ring theo mdun 7 ta c6

1=9;2-3:3 3,4 3.5 3.6 %
Do d6 Z, ={?/k= o,1,2,3,4,}3.
56.Ta co0:
2000= 5 (mod 15) va UCLN(5, 15) =51;
5181= 6 (mod 15) va UCLN(6, 15) =81;
291998= 8 (mod 15) va UCLN(8, 15) =1.
Suy ra chcé lp 29199¢ la khi nghich trong vant,. .
57.a) Gh s X =x la nghém cia f(X) =4X -2
Khi d6 4x =2 hay 4x= 2 (mod 6)= 2x= 1 (mod 3)= x =2 (mod 3).
Vay da thrc f(X) c6 hai ngh#m: x =2,x=5 (mod 6).
b) Gia sr X =x 1a nghém aia f(X) =1X? -2 trong Z,,.
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Khi dé

a+2=0(mod 19).
Khi cho a clay qua g thing dr c6 gi4 ti tuyét doi nho nhat
{0,+1£2:+ 3% 4F 5 6 7 & [

taduoc a =+ 6. (Do & + 2> 19 nén &> 17= |a| > 4, vi @y chi cin thir Vi |a]> 5).

Vay f(X) c6 hai nghtm x = 6(mod19), x= — 6(mod19
58.Néu cac  ax, + b,ax + b,...,ax+ lap thanh nt h¢ thang dr day da médun m thi

ax + b%axj + b(modmvéi i = j,1<i,j<m.

Tir d6 suy raax Zax, (mod mj= x#£x,(mod m).

Vay cac $ X,,X,,..., X, cling Ap thanh not h¢ thang dr day di médun m.
59.Ta c6 1997 2 (mod 15).

Boi vay cé tke chon mot hé thiang dr thu gon méiun 15 c6 cha 1997 la:

{+1,1997- 2+ 4+ §.

60. Do a nguyén& cling nhau vi m va b chia Bt cho m néna Ia pHin tir kha nghich vab=0
trong Z,,.

Néu x chay qua ¢ TDTG thi x kk nghich.

Khi d6 ax+ b= ax+ b= a» ciing kha nghich, nghia la ax + b théic mot hé thang dr thu
gon.

Bay gi, néu ((ax, + b)—(ax+ B)i mthi a(x — x,)im=(x— x,): m.

Pidu nay cling © néu x, =X, thi ax,+ b= ax + k, dodd ax + b chy qua ndt hé thing
du thu gon. .
61.Khi mdi x; chay qua m gia tii ciia mbt hé thing dr day da médun m (i = 1, 2,..., k) thidng

X=aX+aX+ -+ gx (%)

chay quam=mm,...m gia ti.

Ta cin ching © ring cac éng nay thrc ar thude m bp khac nhau theo ndén m.

Gia St a X, + &, X,+---+ 8 X= X + &, X, +---+ a X (mod m). Tk thi

a (X, = X))+ &, (%= X 1+ & (%~ % )= 0(modm)

=8, (% — X )+ @, (%= X+ + 8 (%~ X )= O(mod m
voii=1, 2,..., k Doa, :m Vj#ivaUCLN(g m)=1 nénﬂrdéng dr thirc trén ta suy ra

a(x-x)=0(modm)=> x— x= O(modm )+ 1,2,..,

Diéu nay cling © khi x,,x; thuoc hai bp ddng dr khac nhau méun m véi mdi i nao do
thi cac dng x, X trong iing (ly theo (¥)) 1a théc céc bp dong dr khac nhau theo ndéin m.
Tur d6 suy radiéu phai chirng minh.
62. Trugc hét ta thiy voi n = 0 thi 2" = 2 va dad6 (m; n) = (1; 0).

Véin=1thi 2'=4vadad6 (m; n) = (2; 1).

Bay giv ta € chimg minh khéng conap $ nguyén dong (m; n) nao khéac tlhanmén

2"-3'=1 ).
That vy, gia st m > 2 va n > 1 |a haidsnguyén thé Znén (*). Khido
2"=9.3%+ 1= 2"= 1(mod9
Cho m chy qua I¢ thang dr ddy du {0, 1, 2,..., 8} ta thy chic6 2= 2= 1 (mod 9).
Tur d6 suy ra

2" =1(mod 9= m= 6k, ke N.
Dom>2nén k 1. Khid6 2" -1=(Z) - 1= (2~ )M Vs MeN".

Do 2 - 1=63=19.7 chiaficho 7.
Diéu nay cho thy 2™ — 1 khéng th 1a mot lu§ thira aia 3, miu thidn voi 2™ —1 = 3.
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83.Pinh ly O-le - Pinh ly Phec-ma
63.a) V6i 3*5° 7 vae(m) = 3600 ta co
1

om-38.7( 13| 1] 13]- 95 7 245 3
3 5 7

=37 =75 35>a= P= 3= .
b) Vi m=2*p vaep(m) = 8ta cé(p(m):Z“.p(l—%jEL%): 20 (p 1= 2

Xay ra cac teong hop sau:
=1,p—-1=8. Khd6 p =29, lai.
=2,p—1=4.Khdo p=5.
=3,p—-1=2.Khid6ép=3.
pap $: m = 25; 2.3.
64.Tada biét néu p la $ nguyén & thie(p) = p — 1.
Nguoc lai, gia sir ring p > 1 va p ladp 9. )
Khi d6 p coudc that su. Dodé $H cac 6 tu nhién a, ¥ a<p — 1, ma nguyérbtcing \bi p
& nh hon p — 1 ngia lae(p) < p — 1.
65.0 = (mode(m)) = a =B+ to(m),te Z.
Theodinh Iy O-le a*™ = 1(mod m.
Tu dé

(04
(04
(04

a=d | ﬁ(m))t = & (modm
66.Ta c6 240 = %3.5. UCLN(a, 240) = 1 nén UCLN(a, 2) = UCLN(a,=3YCLN(a, 5) =
Do ¢(3) = 2,¢(5) = 4 nén thedinh ly O-le
a’=1 (mod 3)= & =1 (mod 3), va‘a=1 (mod 5).
Matkhacaé¢nén  4-1=(a—1)@a+ 1)fa 1) ,
la tich @ia ba § chin, trongdé c6 hai 8 chin lién tép, dodd & — 1 chia Bt cho 16, hay
a* =1 (mod ).
Tir d6 suy ra & = 1 (mod 2.3.5) hay 4— 1 chia Bt cho 240.
67.Ching minh (20" -1):11.31.6.
Trugc hét, UCLN(20, 11) = 1 nérR0*® = 20°= 1(mod11.
Tir d6 20° = 20° = (- 2° = 1(mod11.
Mat khac theo mdun 31 ta cé
20°=(-1)"=121(- 1)=(- ¥ (- Y= B2 272~ )4 2 1(mod.
Tuong tr theo m@un 61 ta c6
20=81= 3 (mod61l> 20= %= 1(mod6 (theodinh Iy O-le).
Vay 20° = 1(mod11.31.68> 20- 4 0(mod11.31.hay(2015—])211.31.6‘.

68.a) Theo mun 83 ta c&3* = (3') =(-2)'=128.3= 452.4 74 28(mod8

Vay sb du trong phép chi&® cho 83 la 28.
b) Gia s
35%0 = 425q + 1, O<r < 425.Do 425 =%17, 38°°= (5.7)*°
nén
UCLN(425, 38%) = 5.
batr=5.rtacé (5.49°=17q+r,0<r < 17.
Theo m@un 17 ta cé
(5.49°=7°=(7)" #= #= 48 2(- (- Y= 1683(- )13

Vay r = 14 va dad6 r = 350.

69. Trugc hét ta ching minh &ng Wi moi sé nguyén a thi%- a chia Bt cho 30.
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That vay,

d-a=q 4- 1= & & ){ & )t (a’a )(1’a )4 (58-a)
=(@-2(a-3d & J( a  Fa-a)llara) 1

MJi s6 hang aia ©ng trén chia & cho 5 va chiaét cho 6 néndng chia 8t cho 30.
Tur nhan xét trén ta suy ra

n

223 =;(a‘f— 3)
chia t cho 30. Tr d6 suy radiéu phai chiing minh.
70.a) 22" = ¥ = g,

Do UCLN(8, 11) = 1 nés*™" = 8= 1(mod11)

Theo m@un 10 ta cé

81'=1"= 1(mod10}> 81= 10k 1, kZ

Do d6 theo mdun 11 ta c&*’ = 8'%1= 8% 8= 8(mod11.

Tur d6 suy radiéu phai chang minh.

b) Do UCLN(2, 23) = 1 né*® = 22— 1(mod 23)

Giasir 2°9"'=220+ 1, X 1< 22> P"= 11g r', £ 2r

Do UCLN(2, 11) = 1 nér2°™ = 2°= 1(mod11)

Vivay 2" =1(mod1l)= r= 1

Tu dé

2101 2204 2

Theo maiun 23 ta c62>" = 2%9.22= 4(mod 23

Tir d6 suy radiéu cin ching minh.

c) Do UCLN(2, 37) = 1 nér*®" = 2% = 1(mod 37) Ta c62°™2 = 4.2°",

Theo m@un 9 ta cé

26"=(26) =1"=1(mod9> 4.9"= 4(mod 3¢

Do d6 2°™2 = 36k+ 4, ke Z va 22" = 2% 2* = 16(mod 37
Tir d6 suy radiéu phai chang minh.

71.a) Do UCLN(9, 100) = 1 va(100) = 40 nérp*™® = 9*°= 1(mod100)
Theo m@un 40 ta c6

92 =1(mod40)> §=( §)' .& 9(mod 4

Vay 9% = 9%k o 99 (mod100. Theo m@dun 100 ta c6

=29,d=61,9= 49> 9= 61.49 89(mod10
b) Truéc hét ta viét 144" = 24" 74
Ta n luot tim & du trong cac phép chia’, 7' cho 100.
Tim & du cua phép chia**’ cho 100.
Do UCLN(7, 100) = 1 vap(100) = 40 néri7*“® = 7%= 1(mod 100.
Theo mdiun 40 ta co

27 —20= 242 8Mmod40p %= 64 24(mod-
=9(mod40)=> 7= 1(mod4Qy ‘7= 7 %= 9(mod4

Suy ral4“ = 24.9= 16(mod 40 Vay 74 = 79916 _ 715_ 1(mod 100!
Tim & du cua phép chig2** cho 100.
Do UCLN(2, 25) = 1 vap(25) = 20 nére® = 1(mod 25.
Theo m@tun 20 ta cd 4" = 16(mod 20 (do o trén ta cdl4™ = 16(mod 40).
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Boi vay theo malun 25 thi2"*" = 22«16 21(mod 25} 2% = 25t 2° &7

Péng thrc nay cling © t = 4t' va dodd 2* = 2'°(mod100.
C6 thé tinh ngay
2'° = 36(mod 36)

Tur két qua ciia hai plan trén ta suy ra4*’ = 36(mod100
72.Vi 42 = 2.3.4 va 2, 3, 7 1a cab 86i mot nguyén & cuing nhau nédiéu phai ching minh
tuong duong Wi
n"=n(mod2 = n(mod3) h= n(mod.
Vi 7 1a nguyénd nén theatinh ly Phec-ma ta ca’ = n(mod 7.
Vi n=2(mod 2 haic n=1(mod2nénn’ = n(mod 2.
Tuong tr,
n=0(mod 3 haic n=1(mod3 haic n=—-1(mod3 nén ta luén ca’ = n(mod 3.
Vay n’ = n(mod 42)
73.Ta thiy a va b khong thcuing chia Bt cho 5 vi khid6 1 = I — 242 chia tét cho 5.
Gia str a, b cung khéng chiaghcho 5.
Khi d6 theodinh ly Phec-ma, ‘a- 1, B — 1 1a i cua 5 va dai6 & — B' la i cua 5.
Via* -1 = (& + BP)(a® — If) nén ndt trong hai 6 (& + k) va (& — i) 1a ki cua 5.
Gia st (& + 1) 1a boi cua 5. ‘
Khi do tir 24& + 1 =  ta suy ra 25a+ 1 = & + I va dod6 25& + 1 |a i cua 5.Diéu nay
khong tie xay ra.
Vay & — P laboicua 5. e 24& + 1 =B ta c6 234+ 1 = f — &, dodd 234 + 1 1a i cua
5.
Vi a khi chia cho 5 c6 ¢hcho cac & du 14 +1 haic +2 nén & chia cho 5 c6 thco cac 6 du
la 1 hdic 4. Dod6 234 + 1 chia cho 54 haic 3, ngfia 1a 234 + 1 khong th 1a bi cua 5.
Vay c6 bt va chi mot trong cac 8 a va b la bi cua 5. ) )
74.Ta c6 & phan tich 16320 = 64.3.5.17. Vi 3, 5, 17 la caaiguyén & nén theadinh ly
Phec-ma ta co:
p’=1(mod3)=> p°= 1(mod3); b= 1L(mod5» b= 1(mod5)°p  bEM7)
Do 64, 3, 5, 146i mdt nguyén & nén ta chcon chiing minh p*® = 1(mod 64.
Vip>17 nén pd, ditp = 2k + 1(keN).
Vay thi p> =1+ 4k+ 4K = 1+ 4K k+ 3. Do k(k + 1) clin nén {5 c6 caing | = 1 + 8h, i
h 1a mbt s nguyén naaé. Khidé p® = (1 + 8h§.
Vi 64 = & nén (8h + =1 + 8.8h (mod 64% p'®=1 + 64h= 1 (mod 64).
Vay p'®— 1= 0 (mod 16320).
75.Vi 42p = 2.3.7.p va p > 7 nétt ching minh A = (3" 2" —1): 42p ta ching minh A chia
hét cho 2, 3, 7 va p.
A=(3*-2°-1):2viF-1lagchin. A=(3"-2"-1):3vi P+ Lchialkitcho2 +1=3.
Ngoai ra thealinh ly Phec-ma ta cé
B-=3):pva@-2):psuyraA=8-3)-2-2): p.
Ta ch con ching minh A: 7. Ta cé
p-1 p-1 Pl
A=33F"-2-1=39-2-% I 2 y2- 2 2 7k 32- "2
—Tk+(2+)2° - 2- 7k Z + T - 2 1.

Vi UCLN(p, 3) = 1 nén rdt trong hai 6 %1 vép%l phai chia Kt cho 3.

pi1 n
Giés(rp%l 3. Khid622 -1=(Z)"-1- &~ 1 %
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p+l p-1 prl
Ngoaira2®°-22 =22 (22 —1} : 1. Dod6A: 7.

p-1
2

76.2)Pgt q = (& - (& - 16| &-( 2n )f]2

Vi 23040 = 3.3%.5 nén ¢= 0 (mod 23040) khi va é¢tkhi

q=0(mod2)A g= @ mod3A & (O mod.
Vi UCLN(a, 5) = 1 va 5 la nguyéh nén theatinh ly Phec-ma ta cé
a'=1(mod5)> 4= 16(mod5p( ‘@ )& O(mod5) =q O(mo
Vi UCLN(a, 3) = 1 néra=3k+ 1, ke 7 .

Thay k Wi 3s, 3st 1 tadugc addng dr véi + 1,+ 2 haic + 4 theo mod 9, dd6 & dong dr
véi 1, 4 haic 7 theo mod 9. Ta ¢c6

(@-9(d-19=(4- } & K & )

Néu & = 1 (mod 9) hac & = 4 (mod 9) thi (a— 1)(d — 16)= 0 (mod 9).
Néu & = 7 (mod 9) thi (3— 1)(& — 16)= (7 — 1)(49 — 16¥6.33= 0 (mod 9).
Con ki phai chitng minh g= 0 (mod 2).
Trudc het voi moi so 1é, x = 2k + 1 (k= 0) ta co

(2k+12)° = 4k(k+ 1)+ 1= 1(mod8 do k(k + 1) 1 & chin.
Viala$ Ié nén tr nhan xét trén ta co6

a’ - (2n+ 1f = O(mod8)> ( &- ):{ a( 2n )21]25 0(mod®) =q ( 0 mdd.

Vay q= 0( mod 23049

b) Pat q = (£ — 1)(& — 9)(& - 49).

Ciing nhr trén ta tim & du cua q khi chia cho® 3 va 5.
Taco

Truong hop : 3, ding Ap luan twong trta cd A: 7. Vay A : 42p.

q= (& —-1)(& + 1)(& + 1) (mod 5)= q= (& — 1)(& + 1) (mod 5).
Theodinh ly Phec-ma ta cé
a*—1=0 (mod 5), suy ra g 0 (mod 5). Ta cé g (& — 1)&(& — 1) (mod 9).

Vi mét sb nguyén khi chia cho 9 c6é&feo cac 8 du 1a 0,+1, £2, +3, +4, nén binh pirong
cua né khi chia cho 9 codéted $ du la 0, 1, 4 hac 7.

Néu & chia cho 9 d 0, 1 hdic 4 thi g= 0 (mod 9).

Néu & = 7 (mod 9) thi g (7 — 1).7.(7 — 4% 0 (mod 9).

Vay =0 (mod 9).

Bay g, tuong 1y cau a) ta cé%= 1 (mod 8)Pit & = 8h + 1, khid6

q = 8h(8h — 8)(8h — 48) =B(h — 1)(h — 6).
Vi 8% = 2 nén o= 2° (mod 9).
Vay gq= 0 (mod 23040).
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